The nonlinear magneto-optical effect has significantly impacted modern society with prolific applications ranging from precision mapping of the Earth's magnetic field to bio-magnetic sensing. Pioneering works on collisional spin-exchange effects have led to ultra-high magnetic field detection sensitivities at the level of f T / √ Hz using a single linearly-polarized probe light field. Here we demonstrate a nonlinear Zeemancoherence parametric wave-mixing optical-atomic magnetometer using room temperature rubidium vapor that results in more than a three-order-of-magnitude optical signal-to-noise ratio (SNR) enhancement for extremely weak magnetic field sensing. This unprecedented enhancement was achieved with nearly a two-order-of-magnitude reduction in laser power while preserving the sensitivity of the widely-used singleprobe beam optical-atomic magnetometry method. This new method opens a myriad of applications ranging from bio-magnetic imaging to precision measurement of the magnetic properties of subatomic particles. 
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Significance
We report nearly three orders of magnitude increase in the magnetic field sensing signal-tonoise ratio using a novel light-matter interaction scheme. This unprecedented advance in precision magnetic field measurement is achieved simultaneously with significant reduction in laser power while perfectly preserving magnetic field sensitivity.
The fundamental physical process behind the nonlinear Faraday rotation effect [1] is the generation of a Zeeman coherence by a linearly polarized probe field coupling different Zeeman-shifted sub-levels of an atom in the presence of a magnetic field [2, 3] . In the semi-classical picture different polarization components of a linearly polarized light field experience different refractive indexes when the medium is subject to a magnetic field, and this gives rise to an optical polarization rotation detectable using standard polarimetry methods. For a three-state atomic system coupling to a linearly-polarized probe field in a Λ−configuration [2, [4] [5] [6] (Fig. 1a) , assuming that the initial population is equally distributed among the two Zeeman-ground states, the nonlinear magneto-optical polarization rotation arising from the differential phase shift of the two circular polarization components comprising the linearly-polarized probe light can be derived using a third-order perturbation theory [7] :
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In Eq. (1a) δ B = µ B g F B z is the magnitude of the mag- netic field (B z ) induced Zeeman shift, and this familiar result is applicable when power broadening and twophoton saturation effects are negligible. κ is proportional to the product of the medium density and the relevant optical transition strength. ρ ij represents the coherence (i = j) and population (i = j), and we have taken ρ
p / are the Rabi frequencies of the circular components of the linearly-polarized probe field
p , where D ij is the dipole matrix element of the relevant transition. δ p is the onephoton probe laser detuning from the excited electronic state having a resonance line width of Γ = γ 21 = γ 23 . Equation (1a) has a Lorentzian line shape with a Zeeman resonance line-width γ 0 (Zeeman de-coherence rates of the corresponding magnetic sub-levels are taken to be γ 0 = γ 31 = γ 13 ). Seminal studies on collisional spin- 
WM on WM off WM off: x100 exchange and relaxation effects [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] have substantially reduced the Zeeman de-coherence rate γ 0 , enabling ultrahigh magnetic field sensitivities [12, 15] .
The single probe beam Λ−scheme is elegantly simple with two symmetric channels where the identical transition strengths result in canceled residual frequency shifts. In this case a significant Zeeman coherence [20] can be established by the two circular components of the probe field in a two-photon resonant transition where each component simultaneously undergoes stimulated emission and absorption. However, because the probe field is the only source of energy, the symmetric nature of the process dictates that both components cannot grow and the scheme is self-limiting by detailed balance. Consequently, we have
where n and L are the medium density and length, respectively, and θ N L is the nonlinear polarization rotation.
The Zeeman-coherence parametric wave-mixing scheme shown in Fig. 1b breaks the self-limiting symmetry of the probe field by introducing a wave-mixing (WM) process which enables efficient energy transfer from a second light field E W M to the selected branch of the probe field through coherently populated intermediate states with a large Zeeman coherence [21, 22] . For the different probe components this parametric WM process yields [7] P (3)
,(3a)
Here, for simplicity we have taken δ 4 γ 41 = γ 43 = Γ. The first term in Eq. (3a) is the same single probe phasemodulation contribution as given in Eq.(1a). The second term arises from the cross-phase modulation by the WM field which drives the cross components of the probe field through the Maxwell equations (3b). Equation (3a) has two important features: (1) It has the same magnetic resonance denominator as in Eq. (1a), indicating that field sensitivity is maintained (Fig. 2a) ; and (2) It provides a cross-component parametric WM driving source term that results in probe field propagation gain and polarization rotation enhancement (Fig.  2b) . The central idea of the new scheme is therefore to lift the self-limiting symmetry restriction and coherently amplify the extremely weak nonlinear opticalpolarization-rotation signal without introducing additional broadening effects. In addition to significantly increasing the signal/SNR of the nonlinear magneto-optical effect, the new scheme also substantially reduces the necessary initial probe field intensity, thereby enabling operation under even lower Zeeman de-coherence conditions. This latter virtue is critically important in extremely weak magnetic field sensing applications using systems with Zeeman de-coherence rates γ 0 < 1 Hz. Indeed, for very small γ 0 the two-photon saturation effect of the strong probe required in the current stateof-art technology (due to its poor SNR) begins to detrimentally broaden the Zeeman magnetic sub-levels [23] . We stress that the Zeeman-coherence parametric WM scheme reported here is neither a pump-probe scheme [24] nor an electromagnetically-induced transparency scheme [4-6, 25, 26] . It is amply clear that the three-state Λ−scheme EIT process, which is not a WM process, cannot produce such large SNR enhancements because of the strong pump intensity required [27] for transparency at the probe frequency. Figures 2a-2f show numerical calculations where the density matrix equations of motion and the Maxwell equations for the probe circular components are evaluated simultaneously. In Fig. 2a , the nonlinear polarization rotation of the Zeeman-coherence parametric WM scheme (red curve) is plotted together with the widelyused single-probe-beam Λ−scheme (blue curve) as a function of δ B at z = 1 cm. In this case, the result from the single-probe-beam scheme must be multiplied by a factor of 100 in order to match the result of the WM scheme. The identical slope of the two schemes after scaling the blue curve, however, attests to the preservation of field sensitivity (see discussion on Fig. 3a) , as predicted by Eqs. (1a) and (3a) . Figure 2b shows the nonlinear polarization rotation as a function of z for the singleprobe-beam scheme (blue curve) and the parametric WM scheme (red curve). The pronounced nonlinear growth of the polarization rotation signal (red curve) highlights the superior performance of the WM scheme. We stress that this performance cannot be matched by the single-probebeam Λ−scheme which, by the requirement of symmetry and energy conservation, is limited to the simple linear growth behavior shown in Eq. (2). In Figures 2c-2f we show the nonlinear polarization rotation and the normalized Ω Experimentally, we counter-propagate the WM light with respect to the probe light to reduce the signal background. Both linearly-polarized and circularly polarized WM light fields were studied [28] . In the case of linearlypolarized WM light, the polarization of the light field was rotated with respect to the polarization of the probe light field to maximize SNR enhancement, forming the cross-polarization configuration of the Zeeman-coherence parametric WM scheme. Figure 3a shows a typical nonlinear magneto-optical rotation enhancement signal obtained with the parametric WM technique in our magnetic field shield-limited setup using a circularly polarized WM laser [28] . When the energy-providing WM light field E W M is turned on, we routinely observe a factor of >200 (Fig. 3a, red trace) SNR enhancement over the usual single-beam Λ−scheme (Fig. 3a, blue trace) . The slope of the scaled magnetic resonance signal, however, remains unchanged. This indicates that the WM field does not appreciably affect magnetic field sensitivity, and this is in agreement with Eq. (3a) [29] . Figure  3b shows a magnetic field scan near the center of Fig. 3a without slope rescaling. Figures 3c and 3d show the output of two low-gain detectors attached to the two orthogonal ports of a Glan polarizer that intercepts 50 % of the exiting probe light. With the WM field E W M turned off, a small dark resonance [30] [31] [32] [33] is observed (Fig. 3c, blue trace) in the transmission port and no signal can be detected from the orthogonal reflection port (Fig. 3d, blue trace) . When the E W M field is turned on, however, a significantly WM-amplified resonance is detected in the transmission port (Fig. 3c,  red trace) . Correspondingly, the orthogonal reflection port registers an enormous increase in the dispersion signal (Fig. 3d, red trace) , further testimony to the optical dispersion enhancement effect by the energy-transfer light. The amplified dark resonance is key evidence of the wave-mixing process. Here, the dispersion signal is enhanced by a factor of 300 and can be easily detected without employing heterodyne methods, demonstrating the robustness of the novel SNR enhancement process. We note that we have observed more than three orders of magnitude optical SNR enhancement [34] with both lasers detuned as much as 4 to 8 Doppler line widths from resonance at 311 K.
Ambient temperature magnetic field sensing at low light intensities is of great technological importance in medical research [2, 35, 36] . Current spin-exchange-relaxationfree based atomic magnetometers require high probe intensity, high operational temperatures [37] , and long signal acquisition times. The Zeeman-coherence parametric WM scheme demonstrated here eliminates all three of these requirements. These improvements taken together imply that more than a four order-of-magnitude reduction in device size is possible. This makes the technology very suitable for real-time in situ bio-magnetic field monitoring using an optical fiber. Figure 4a shows more than a 400× enhancement at human body temperatures (311 K) using a probe light intensity I p similar to those reported in literature [14, 15] . Here, the intensity of the WM light is I W M ≤ 0.125I p , demonstrating the impressive efficiency of the process. When the probe intensity is reduced to 20 µW/cm 2 (more than an order of magnitude weaker than the lowest intensity reported to date [14] ), the single-probe-beam Λ−scheme produces no detectable signal (blue trace in Fig, 4b) . The Zeeman-coherence parametric WM scheme, however, yields a clear signal with a surprisingly good SNR (red trace in Fig. 4b) . We stress that all data traces reported here were taken in less than 3.2 seconds (25 ms magnetic field sweep with 128 averaged) in an active interaction volume of ∼ 0.08 cm 3 [38] , exemplifying the superior performance and great potential of this new method in fast, real world applications. Indeed, such superior results have even been observed at 295 K where under the similar low power conditions the widely-used single-probe-beam method fails to produce any detectable signal, even with long data acquisition times and aggressive averaging.
Further evidence of coherent wave-mixing and direction energy transfer of the Zeeman-coherence crosspolarization parametric WM magnetometer is shown in Figs. 5a and 5b where the SNR enhancement is plotted against the power of the probe field and the WM field at T = 311 K. In Fig. 5a , the absorption (energy loss) of one circular component of the WM light field (red ovals) is shown as a function of the WM laser input intensity. As the input WM laser intensity increases, the nonlinear polarization rotation signal (blue triangles) increases and the peak of the normalized WM light field component at the exit of the medium decreases rapidly, indicating significant energy flows (circulation) from the WM field to the probe field in a coherent amplification process. In Fig. 5b the peak-peak value of the signal is plotted as a function of WM power with the probe power fixed at 9 µW/cm 2 and 22 µW/cm 2 , respectively. The rapid growth of the signal with a clear threshold is indicative of a highly efficient coherent amplification (stimulated emission) process. As expected, the growth rate becomes much more steep with a probe intensity of 22 µW/cm 2 (open triangles) where the WM laser has a comparable intensity.
Although the cross-polarization aspect of the new scheme has some similarities with cross-polarization wave mixing in nonlinear optical crystals [39, 40] , the physics of the two processes are fundamentally different. The underlying physics of the new scheme is Zeeman-coherence parametric WM, whereas with nonlinear optical crystals it is based on an intensity-modified nonlinear susceptibility process observable only in the ultra-high peak power regime. The enhancement in nonlinear crystals is very weak and no intermediate state with appreciable Zeeman coherence is present. Furthermore, the ellipsometry of cross-polarization effects in crystals, created by an ultrashort pulsed probe laser field in a single-probe-beam configuration, is critically dependent upon crystal symmetry. In a cubic crystal with four-fold symmetry, maximum single-probe-beam cross-polarization effects have been observed when the polarization of the probe field makes angle of β = 22.5 o and 45 o with respect to the crystal's fast axis. Interestingly, although atomic vapors lack such crystalline symmetry properties [41] , the Zeeman-coherence parametric WM scheme demonstrated here also exhibits similar cross-polarization angular effects. In Figs. 6a-6d we plot the nonlinear polarization rotation as a function of the angle between the polarizations of the probe and WM fields. By varying this angle, maximum SNR enhancement at 22.5 o (45 o ) for the linearly (elliptically) polarized WM fields in an atomic vapor have been observed. Such angular dependence was not treated in the current theoretical model and is beyond the scope of this study.
The symmetry-breaking Zeeman-coherence parametric WM scheme demonstrated here exhibits superior SNRs in extremely weak magnetic field sensing applications. With a more sophisticated magnetic field shields the new scheme will significantly improve the sensitiveness of in extremely weak magnetic field sensing applications. We stress that the principle is directly applicable to other optical-atomic magnetometers where nonlinear optical polarization rotation is the central principle of the operation. This giant nonlinear optical polarization rotation enhancement effect may lead to breakthroughs in real-time human organ bio-magnetic field mapping. It may also lead to possible detection of the magnetic fields generated by collective ion-exchange processes in crystals and materials, providing the ability to observe crystallographic growth processes in real time as new exotic molecular structures are forming. In addition, it may lead to detection of extremely weak magnetic fields in space, nuclear magnetic resonances, the magnetism of solid-state materials and even ultra-cold atomic quantum gases such as Bose condensates and degenerate Fermion gases.
